Propagation of longitudinal deformation wave along a lifting rope of variable length  by Razdolsky, A.G.
International Journal of Solids and Structures 48 (2011) 3359–3364Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rPropagation of longitudinal deformation wave along a lifting rope of
variable length
A.G. Razdolsky
Ein Gedi St. 2/16, Holon 58506, Israela r t i c l e i n f oArticle history:
Received 15 September 2010
Received in revised form 15 March 2011
Available online 6 September 2011
Keywords:
Longitudinal wave
Variable boundary
Integro-differential form
Continuation of solution0020-7683/$ - see front matter  2011 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2011.08.005
E-mail address: razdols@hotmail.coma b s t r a c t
The problem of motion of the rope of variable length consists of solving the boundary value problem with
a variable boundary for the one-dimensional wave equation. A change of the rope length is caused by the
force acting at the upper cross section of the rope. Studying the wave propagation process along the rope
is based on the known integro-differential relation. The problem is reduced to solving two ordinary dif-
ferential equations with a retarded argument that describe the variable length of the rope and the posi-
tion of its lower end. The value of argument for functions involved in the right-hand side of the equations
lag behind the argument value in the left-hand side of the equations by a time interval it takes for a prop-
agation of the deformation wave throughout the current rope length. The problem is solved by using a
technique of the sequential continuation of solution in the cyclic mode for each of the equation alter-
nately. A computer realization of this technique presents no problem. A pilot computer program has been
developed for solving the problem. Results of the numerical solution are presented in the case that the
active force varies with time according to a piecewise linear relation.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
The problem of longitudinal oscillations of the rope of variable
length consists of solving the one-dimensional wave equation on
the interval of the space coordinate with the variable boundary.
A change in the time of the rope length is caused by the force act-
ing at the upper cross section of the rope. The problem has not an
analytical solution. Representation of the rope motion equation in
the form of integro-differential equation with variable limits of
integration has stimulated the use of asymptotic methods for con-
structing the approximated solution of the problem (Chizh, 1963;
Glushko and Chizh, 1966; Goroshko and Savin, 1971). However,
the assessment of accuracy of results achievable by the asymptotic
methods leads to problems. The motion of the displacement waves
in rods of variable length is considered in Ostapenko (2007) on the
assumption that a law of change of the rod length is given in ad-
vance. The solution is represented as a sum of four functions which
are determined as a result of solving the wave equation for differ-
ent initial and boundary conditions. Another approach based on
representation of the rope as a discrete multi-body system with
extensible members (Fritzkowski and Kaminski, 2009) is far from
a stage of development applicable to the engineering applications.
The present paper is devoted to the problem of the motion of a lift-
ing rope of variable length with a concentrated end load under thell rights reserved.action of the force at the upper cross section of the rope. Studying
the wave propagation process along the rope is based on the
known integro-differential relation (Tikhonov and Samarskii,
1963). The problem is reduced to solving two ordinary differential
equations that describe the variable rope length and the motion
trajectory of the rope end. A length of the current integration inter-
val of the equations is deﬁned by a time interval for which the
solution has been calculated in the previous step of the solving
process. A technique of the solution continuation from the given
time interval to the following one is used. The present approach
has been employed for solving problems on the propagation of
elastic waves in a rope of the hoist device and in a belt of the con-
veyor belt (Razdolsky, 1976; Chervonenko et al., 1983).
2. Boundary value problem on a motion of the lifting rope of
variable length
Fig. 1 illustrates the scheme of the hoisting machine consisting
of a pulley and an elastic lifting rope that carries a concentrated
load at its end. The pulley is rotated by an external torque and
the rope is wound onto the pulley. A rope length varies owing to
winding the rope onto the pulley. The following symbols are used
for designation of the source data: l = initial length of rope, A = area
of the rope cross section, q and q = linear weight and linear density
of the rope, r = initial stress at the upper cross section of the rope,
E = elasticity modulus, a ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃEA=qp ¼ propagation velocity of the
Fig. 1. Model of the hoisting device.
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mass of the concentrated and load, respectively, g = gravity acceler-
ation.We introduce two coordinate systems for describing displace-
ments of the rope cross sections: Euler’s system OX that is ﬁxed in
space and Lagrange’s system O0x that is connected with the moving
rope. The axis OX starts at the point of running of the rope onto the
pulley and is directed towards the rope end. The axis O0x starts at
the end of the rope and is directed along the rope upward. Assume
that u(x, t) is a longitudinal displacement of the rope cross section
x relative to the moving coordinate system at the instant of time t
and X0 is the Eulerian coordinate of the rope end. The position of
the arbitrary rope cross section in the ﬁxed coordinate system
Xðx; tÞ ¼ X0ðtÞ  x uðx; tÞ ð1Þ
and the acceleration of the rope cross section with coordinate x is
d2X
dt2
¼ d
2X0
dt2
 @
2u
@t2
: ð2Þ
A rope motion is described by the inhomogeneous wave equation
which follows from the Newton’s second law
@2u
@t2
 a2 @
2u
@x2
¼ d
2X0
dt2
 g; ð3Þ
where a is a velocity of propagation of the deformation wave in the
rope. The initial state of the rope is deﬁned by the differential
equation
a2
d2u
dx2
¼ g: ð4Þ
Solving this equation under the boundary conditions
ujx¼0;t¼0 ¼ 0;
@u
@x

x¼0;t¼0
¼ Q
EA
; ð5Þ
gives the expression for initial displacements of the rope
uðx;0Þ ¼ x
EA
qx
2
þ Q
 
: ð6Þ
The initial position of the rope end and the initial stress at the upper
cross section of the rope areX0ð0Þ ¼ l 1þ qlþ 2Q2EA
 
; ð7Þ
r ¼ qlþ Q
A
: ð8Þ
During a rotation of the pulley the value of the Lagrangian coordi-
nate of the end cross section of the rope remains constant: x = 0.
At the same time, the Lagrangian coordinate of the point of running
of the rope onto the pulley, i.e. of the upper cross section of the
rope, changes owing to winding the rope onto the pulley. The mo-
tion trajectory of this point in the moving Lagrangian coordinate
system describes a change of the rope length during the rotation
of the pulley. We denote this curve as follows:
x ¼ LðtÞ: ð9Þ
The value of this function at each speciﬁc instant of time equals the
length of the corresponding rope segment in the unstressed state.
The initial value of this function
Lð0Þ ¼ l: ð10Þ
A requirement that origin of the Euler’s coordinate system OX is lo-
cated at the point of running of the rope onto the pulley enables us
to set the following kinematical condition
LðtÞ ¼ X0ðtÞ  uðx; tÞjx¼LðtÞ: ð11Þ
A difference X0(t)  L(t) equals the extension of the rope segment. A
differentiation of the expression (11) with respect to the argument t
leads us to the formula for the derivative
@u
@t
at the upper cross sec-
tion of the rope
@u
dt

x¼LðtÞ
¼ dX0
dt
 1þ @u
@x

x¼LðtÞ
 !
dL
dt
: ð12Þ
We assume that hoisting the end load Q is carried out under the
action of the force P(t) at the point of running of the rope onto the
pulley. Then the static boundary condition at this point can be ex-
pressed as
@uðx; tÞ
@x

x¼LðtÞ
¼ PðtÞ
EA
: ð13Þ
The boundary condition at the end cross section of the rope follows
from the condition of the dynamic equilibrium of the end load
@u
@x

x¼0
¼ m
EA
g  d
2X0
dt2
þ @
2u
@t2

x¼0
 !
: ð14Þ
In what follows we turn to using dimensionless variables and
parameters
n ¼ x
l
; s ¼ at
l
; wðsÞ ¼ LðtÞ
l
; vðsÞ ¼ X0ðtÞ
l
; f ðsÞ
¼ PðtÞ
EA
; a ¼ ql
EA
; b ¼ Q
ql
: ð15Þ
We will use the new dimensionless variable for description of the
stressed states of the rope
tðn; sÞ ¼ EA
ql
X0ðtÞ
l
 uðx; tÞ
l
 	
¼ a1 vðsÞ  uðn; sÞ
l
 	
: ð16Þ
With these designations the wave Eq. (3), initial conditions (6), (7)
and (10) and boundary conditions (12)–(14) take the following
form:
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@s2
 @
2t
@n2
¼ 1; ð17Þ
tðn; sÞjs¼0 ¼ a1 þ bð1 nÞ þ 0:5ð1 n2Þ; ð18Þ
vðsÞjs¼0 ¼ 1þ að0:5þ bÞ; ð19Þ
wðsÞjs¼0 ¼ 1; ð20Þ
@t
@s

n¼wðsÞ
¼ a1½1þ f ðsÞ dw
ds
; ð21Þ
@t
@n

n¼wðsÞ
¼ a1f ðsÞ; ð22Þ
@t
@n

n¼0
¼ b d
2v
ds2
 1
 !
: ð23Þ3. Integro-differential form of the wave equation solution
Consider the ‘‘phase plane’’ (n,s) of the stressed states of the
rope (Fig. 2). A trajectory of the point of running of the rope onto
the pulley
n ¼ wðsÞ ð24Þ
is shown by the curve ABC. The kinematical and static boundary
conditions (21) and (22) are satisﬁed at the points of this curve.
The segment OA of the axis On corresponds to the initial state of
the rope (18). The axis Os corresponds to the states of the end cross
section of the rope; the boundary condition (23) is satisﬁed at the
axis points. Assume that some point Mð~n; ~sÞ in the phase plane
(n,s) corresponds to the stressed state of the rope cross section with
coordinate ~n < wð~sÞ at the instant s ¼ ~s. Let us consider the region
of the phase plane bounded by the curve MDOABM where MD and
MB are segments of the following characteristic lines:
n s ¼ ~n ~s; ð25Þ
nþ s ¼ ~nþ ~s; ð26Þ
respectively. The coordinates of the points D and B can be expressed
through coordinates of the point M as follows:
nD ¼ 0; sD ¼ ~s ~n; ð27Þ
nB ¼ wðsBÞ; sB ¼ ~nþ ~s wðsBÞ: ð28Þ
It follows from the deﬁnition (16)
tðDÞ ¼ tð0; sDÞ ¼ a1v ~s ~n
 
: ð29ÞM ( )
A
B
C
D
O
~,~
~~
~~
Fig. 2. Mapping a state of the rope cross sections on the phase plane.A use of the law of the conservation of momentum allows repre-
senting the wave Eq. (17) in the integro-differential form (Tikhonov
and Samarskii, 1963)I
MDOABM
@t
@s
dnþ @t
@n
ds
 
þ
ZZ
MDOABM
dnds ¼ 0: ð30Þ
The line integral in this formula is a sum of the following integrals
along the segments of the boundary curveI
MDOABM
@t
@s
dnþ @t
@n
ds
 
¼
Z D
M
@t
@s
dnþ @t
@n
ds
 
þ
Z O
D
@t
@n
ds
þ
Z A
O
@t
@s
dnþ
Z B
A
@t
@s
dnþ @t
@n
ds
 
þ
Z M
B
@t
@s
dnþ @t
@n
ds
 
: ð31Þ
The expressions under integral along the characteristic lines are the
complete differentials. HenceZ D
M
@t
@s
dnþ @t
@n
ds
 
þ
Z M
B
@t
@s
dnþ @t
@n
ds
 
¼ tðDÞ þ tðBÞ  2tðMÞ
¼ a1vð~s ~nÞ þ tðwðsBÞ; sBÞ  2tð~n; ~sÞ: ð32Þ
The expression for the integral along the axis Os follows from the
boundary condition (23) and from the condition that the rope end
is at rest at the instant s = 0Z O
D
@t
@n
ds ¼
Z 0
~s~n
b
@2t
@s2

n¼0
 1
 !
ds
¼ b ~s ~n @t
@s

n¼0;s¼~s~n
 !
: ð33Þ
The integral along the axis On equals zero since all cross sections of
the rope are at rest at the initial instantZ A
O
@t
@sdn ¼ 0: ð34Þ
Substituting the kinematical and static boundary conditions (21)
and (22) into the integral along the curve AB and carrying out the
integration we getZ B
A
@t
@s
dnþ @t
@n
ds
 
¼ a
Z sB
0
½1þ f ðsÞ dw
ds
 2
 f ðsÞ
( )
ds: ð35Þ
The surface integral in (30) is expressed as follows:ZZ
MDOABM
dnds ¼
Z sB
0
wðsÞdsþ 1
2
wðsBÞ½ 2  ~n2: ð36Þ
The formula for the solution of the wave equation at the point
Mð~n; ~sÞ in Fig. 2 is derived from the integro-differential relation (30)
tð~n; ~sÞ ¼ 0:5 a1vðsÞs¼~s~n þ tðn; sÞjn¼wðsBÞ;s¼sB
h i
þ 0:5b ~s ~n a1 dv
ds

s¼~s~n
" #
þ a1

Z sB
0
½1þ f ðsÞ dw
ds
 2
 f ðsÞ
( )
dsþ 0:5

Z sB
0
wðsÞdsþ 0:25½wðsBÞ2  0:5~n2: ð37Þ
Here coordinates of the point B are considered as the functions of
coordinates ð~n; ~sÞ. These functions are given in the implicit form
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dinates can be represented in the explicit form
nB ¼ kð~n; ~sÞ; sB ¼ gð~n; ~sÞ: ð38Þ
Then the relations (28) enable us to express the derivatives of these
functions with respect to coordinate ~n through the derivative of the
function w(s)
@kð~n; ~sÞ
@~n
¼
@w
@s

s¼sB
1þ @w
@s

s¼sB
;
@gð~n; ~sÞ
@~n
¼ 1
1þ @w
@s

s¼sB
: ð39Þ
Let us derive the formula for the derivative of the solution (37) with
respect to the variable ~n. Carrying out the differentiation of (37) we
get
@tð~n; ~sÞ
@~n
¼ 0:5a1 dv
ds

s¼~s~n
þ 0:5 @t
@n
@k
@~n
þ @t
@s
@g
@~n
 	
n¼wðsBÞ;s¼sB
 0:5b 1 a1d
2v
ds2

s¼~s~n
 !
þ 0:5a1 dw
ds

s¼sB
 !2
þ f ðsBÞ dwds

s¼sB
 !2
 1
2
4
3
5
8<
:
9=
; @g@~n
þ 0:5wðsBÞ  ~n:
ð40Þ
The substitution of the expressions (39) and the boundary condi-
tions (21) and (22) into (40) and a series of algebraic manipulations
lead us to the formula
@tð~n; ~sÞ
@~n
¼ 0:5b 1 a1d
2v
ds2

s¼~s~n
 !
þ 0:5a1 1þ f ðsBÞ½  @w
@s

s¼sB
 0:5a1dv
ds

s¼~s~n
 0:5a1f ðsBÞ þ 12wjs¼sB 
~n: ð41Þ
Let ~n! 0 (Fig. 3). Taking account that the derivative (41) must be
subjected to the boundary condition (23) we get
b
d2v
ds2
þ dv
ds
¼ ab f ðsBÞ þ awðsBÞ þ ½1þ f ðsBÞ@w
@s

s¼sB
: ð42Þ
This ordinary differential equation describes the motion of the rope
end cross section. The left side of the equation is similar to the sim-
ple harmonic oscillator equation. The right side of the equation in-
cludes the values of the force f, the function w and its derivative
which correspond to the previous instant (Fig. 3)
sB ¼ s wðsBÞ: ð43ÞA
B
C
D
O
)~,
~
(
~)~(
~
0~ ~~M
Fig. 3. Mapping a passage to the limit in the formula (40).Consequently the integration of the Eq. (42) is possible only after
determining the function w(s) at the interval corresponding to the
segment AB of the curve n = w(s) (Fig. 3).
Let us consider the expression of the derivative (40) at the
upper cross section of the rope. Let ~n ! wð~sÞ (Fig. 3). Taking ac-
count that the derivative must be subjected to the boundary con-
dition (22) we get
½1þ f ðsÞ dw
ds
 aw ¼ ab f ðsÞ  bd
2v
ds2

s¼sD
þ dv
ds

s¼sD
: ð44Þ
This ordinary differential equation describes the change of the rope
length. The right side of the equation includes the values of the
velocity and acceleration of the rope end which correspond to the
previous instant (Fig. 3)
sD ¼ s wðsÞ: ð45Þ
Consequently the integration of the Eq. (44) is possible only after
determining the function v(s) at the interval corresponding to the
segment OD of the axis Os (Fig. 3).
4. Initial stage of the rope motion
Let us consider the initial stage of the rope motion that is rep-
resented in the phase plane (n,s) by the regions bounded by the
characteristic lines OKC and AKD (Fig. 4)
OKC : n ¼ s; ð46Þ
AKD : nþ s ¼ 1: ð47Þ
Coordinates of the point C are deﬁned by the relations
sC ¼ wðsCÞ; nC ¼ sC : ð48Þ
Assume that some pointM ~n; ~s
 
located within the region CKABC in
the phase plane corresponds to the stressed state of the rope cross
section with coordinate n ¼ ~n at the instant s ¼ ~s. Let us draw the
segments of characteristic lines MH and MB from the point M and
apply the integro-differential formula (30) to the region MHABM
(Fig. 4)I
MHABM
@t
@s
dnþ @t
@n
ds
 
þ
ZZ
MHABM
dnds ¼ 0: ð49Þ
The segments MH and MB are described by the Eqs. (25) and (26),
respectively. Applying the technique that has been used above for
the deriving the formulas (37) and (41), we obtainM ( )
A
B
C
HO
~
,
~K
D
Fig. 4. Mapping a state of the rope at the initial stage of its motion.
AB
C
O
D
F
G
H
Fig. 5. Schematic representation of the process of sequential continuation of
solution.
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a1 þ 0:5½1 ð~n ~sÞ2 þ bð1 ~nþ ~sÞ þ tðwðsBÞ; sBÞ
þ
Z sB
0
wðsÞds

þ0:5
Z sB
0
a1f ðsÞ dwðsÞ
ds
 	2
 1
( )
þ a dwðsÞ
ds
 	2( )
ds
þ0:25 ½wðsBÞ2  2~n2 þ ð~n ~sÞ2
n o
; ð50Þ
@tð~n; ~sÞ
@~n
¼ ~n 0:5 b a1dwðsÞ
ds

s¼sB
 a1f ðsBÞ dwðsÞds

s¼sB
 1
" #
 wðsBÞ
( )
:
ð51Þ
Let ~n ! wð~sÞ. Taking account that the derivative must be subjected
to the boundary condition (22) we get
1þ f ðsÞ½ dw
ds
 aw ¼ ab f ðsÞ: ð52Þ
This ordinary differential equation enables us to determine the ini-
tial segment AB of the curve n = w(s) when 0 6 s 6 w(s) (Fig. 4).
During this interval the shortening the rope length does not exceed
the initial static extension of the rope. The rope end remains immo-
bile until the deformation wave that starts at the upper cross sec-
tion at the instant s = 0 will propagate along the whole initial
length of the rope
v ¼ 1þ að0:5þ bÞ; dv
ds
¼ 0; s 6 1: ð53Þ5. Numerical realization of the method
The right-hand side of the differential Eq. (42) which deﬁnes the
function v(s) is computed for the argument value sB which is de-
ﬁned by the intersection point of the characteristic line (43) and
the segment of the above function having been found for the pre-
vious time interval (Fig. 3). The right-hand side of the differential
Eq. (44) which deﬁnes function w(s) is computed for the argument
value sD which is deﬁned by the intersection point of the charac-0.90
0.95
1.00
1.05
1.10
1.15
1.20
1.25
1.30
0 50 100
P/(σA) 
Force #1
Fig. 6. Two types of the force acting at the upper crteristic lines (45) and the segment of the axis Os corresponding
to the previous time interval (Fig. 3). Solving the Eqs. (42) and
(43) is based on a technique of the sequential continuation of solu-
tion from one short interval of time to the following new interval.
Fig. 5 illustrates the sequence of computation. The characteristic
lines OB, AF, BG, FC and so on divide the curve n = w(s) and the axis
Os into the segments corresponding to the above mentioned time
intervals. The segment AB of the curve n = w(s) is determined as a
result of numerical solving the differential Eq. (52). The function
v(s) and its derivatives are described on the interval OF of the axis
Os by the expression (53). The segment BC of the curve n = w(s) is
deﬁned by the differential Eq. (44). However this equation degen-
erates into the Eq. (52) by virtue of the conditions (53) on the time
interval OF. The function v(s) on the time interval FH is computed
by numerical solving the differential Eq. (42). The found values of
the function w(s) and its derivative on the segment AC of the curve
n = w(s) are used in computation of the right-hand side of the
equation. The segment CD of the curve n = w(s) is determined by
numerical solving the differential Eq. (44). The function v(s) and150 200 250 300
τ
Force #2
oss section of the rope: Force #1 and Force #2.
0.86
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0.94
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0 50 100 150 200 250 300
τ
ψ (Force #1)
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Fig. 7. Comparison of functions v(s) and w(s) corresponding to two types of the force P: Force #1 and Force #2.
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the values of s on the segment FG of the axis Os. The solutions of
the Eqs. (42) and (44) can be continued by cyclic repeating the
two last steps. The sequence of computation is shown by arrows
in Fig. 5. A computer realization of the described algorithm pre-
sents no problem. A pilot computer program has been developed
for solving the discussed problem. The Runge–Kutta–Merson
method (Lance, 1960) was used for integrating the differential
equations. The values of functions v(s) and w(s) and their deriva-
tives between three adjacent nodes of integration are approxi-
mated by the quadratic parabola.
6. Numerical examples
We present two examples to conﬁrm a feasibility of the re-
ported method. The following input data is taken for parameters
of the system: E = 30  106 psi, r = 104 psi, b = 0.3. The parameter
a is calculated as follows:
a ¼ 1
1þ b
r
E
 2:5 104: ð54Þ
We assume that the active force P at the upper cross section of the
rope is described by a piecewise linear function of time. The motion
of the rope is examined for two types of function P(s) shown in
Fig. 6: Force #1 and Force #2. The plots of functions v(s) and
w(s) obtained by using the above computer program is represented
in Fig. 7. A comparison of these functions corresponding to the two
various types of the force function P(s) shows that the faster
increasing the force leads to the higher hoist speed of the end load
and to the larger extension of the rope.
7. Conclusions
Solving the boundary value problem of a motion of the lifting
rope of variable length carrying a concentrated end load is basedon the description of the wave propagation process along the rope
in the integro-differential form. The problem is reduced to solving
two ordinary differential equations with a retarded argument that
describe the variable length of the rope and the position of its low-
er end in space. The value of argument for functions involved in the
right-hand side of the equations lags behind the argument value in
the left-hand side of the equations by a time interval it takes for a
propagation of the deformation wave throughout the current rope
length. The problem is solved by using a technique of the sequen-
tial continuation of solution in the cyclic mode for each of the
equation alternately. A computer realization of this technique pre-
sents no problem. A pilot computer program has been developed
for solving the problem. Results of the numerical solution are pre-
sented in the case that the active force varies with time according
to a piecewise linear relation.
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